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Spin waves in a Bose-condensed atomic spin chain
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The spin dynamics of atomic Bose-Einstein condensates confined in a one-dimensional optical
lattice is studied. The condensates at each lattice site behave like spin magnets that can interact
with each other through both the light-induced dipole-dipole interaction and the static magnetic
dipole-dipole interaction. We show how these site-to-site dipolar interactions can distort the ground
state spin orientations and lead to the excitation of spin waves. The dispersion relation of the spin
waves is studied and possible detection schemes are proposed.
PACS numbers: PACS numbers: 03.75.Fi, 75.45.+j, 75.60.Ej
Rapid experimental progress in the realization of
trapped degenerate quantum atomic gases has gener-
ated fascinating opportunities to study a wide range of
physical phenomena in atomic physics, condensed mat-
ter physics and quantum optics. In particular, the re-
cent success in all-optical confinement [1, 2] and forma-
tion [3] of atomic Bose-Einstein condensates provides a
unique tool to explore the magnetic properties and spin-
dependent dynamics of ultracold atomic gases [4]. In this
letter, we propose a scheme to study the excitation and
propagation of spin waves in an array of atomic spinor
Bose-Einstein condensates confined or created in an op-
tical lattice.
Spin-wave phenomena play an important role in solid
state physics [5]. In solids, spin-wave excitations result
from the exchange interaction of electrons between atoms
in the crystal. They are usually associated with spin-1/2
Fermi systems with an effective interaction range of a
few angstroms, a typical lattice period in solid materials.
Although the Bose-condensed atoms in optical lattices
exhibit a number of close analogies to atoms in a real
crystal, a number of differences exist. (1) The atomic
spacing in an optical lattice is of the order of half an op-
tical wavelength and as such is much larger than a crys-
tal lattice period. (2) As a result, the electron exchange
interaction is completely negligible: spin waves, if they
exist, must be caused by other forms of long range inter-
actions. (3) There is a large number of (bosonic) atoms
at each lattice site, typically of the order of 1000 or more,
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FIG. 1: Schematic diagram shows that a spinor condensate
is confined in an optical lattice in the y-axis with an external
magnetic field along the z direction.
and they are subject to Bose-enhancement effects. As a
result of these differences, the Bose condensates in an op-
tical lattice offer a totally new environment to study spin
dynamics in periodic structures.
The schematic diagram of Fig. 1 shows the system dis-
cussed in this letter. We consider for concreteness a
one-dimensional (1D) optical lattice formed by two pi-
polarized laser beams counter-propagating along the y-
axis. We assume that, in the x-z plane, Bose-condensed
alkali atoms in their hyperfine ground state manifold are
tightly confined by an optical dipole potential arising
from either the transverse profile of the lattice field or
from a separate laser. Hence a 1D coherent atomic chain
is formed along the y-axis. We employ a spinor atomic
field theory to describe the interaction of the atoms with
the lattice laser beams. For large detunings ∆ = ωL−ωa
between the frequency ωL of the laser fields and the
atomic transition frequency ωa it is possible to adiabat-
ically eliminate the excited atomic state field operator.
The resulting Heisenberg equations of motion for the hy-
perfine ground-state atomic field operators ψˆm(r, t), in-
cluding interatomic collisions and static magnetic dipole-
dipole interaction, take the form [6, 7, 8, 9, 10],
ih¯
∂ψˆm
∂t
=
[
− h¯
2∇2
2m
+ VL(r)
]
ψˆm +
∑
m′,n′,n
∫
dr [Qmm′n′n(r, r
′) + V collmm′n′n(r− r′)
+V ddmm′n′n(r− r′)]ψˆ†m′(r′)ψˆn′(r′)ψˆn(r) , (1)
where VL(r) = U0 exp[−r2⊥/W 2L] cos2(kLy) is the light-
induced lattice potential, with r⊥ ≡
√
x2 + z2. The po-
tential depth is defined as U0 = h¯|Ω|2/6∆ with Ω being
the Rabi frequency, kL = 2pi/λL the wave number of
the lattice beams, and WL the beam width. The index
m = −F, ...F denotes the Zeeman sublevels of the elec-
tronic ground state of the atoms with angular momentum
F . In this letter we take F = 1 for the ground state alkali
atoms.
The first nonlinear term in Eq. (1), originates from
the photon-exchange interaction between the condensed
2atoms. It describes the light-induced dipole-dipole inter- action and is characterized by the quantity
Qmm′n′n(r, r
′) = 3
γ
∆
U0 exp
(
−r
2
⊥ + r
′2
⊥
W 2L
)
cos(kLy) cos(kLy
′)
[
4
9
δm′n′δmne0 ·W(r− r′) · e0 − dm′n′ ·W(r− r′) · dmn
]
,
(2)
where γ is the single-atom spontaneous emission rate and
dmn = (F
(+)
mn e−1 + F
(−)
mn e+1)/6h¯ denotes the dipole mo-
ments induced by the pi-polarized light fields. Here, F
(±)
mn
are the matrix elements of the “+” and “−” components
of the total angular momentum operator F, and e±1,0
are unit vectors in the spherical harmonic basis. The ten-
sor W, describing the spatial profile of the light-induced
dipole-dipole interaction, has the form
W(r) =
3
4
[
(11− 3rˆrˆ)
(
sin ξ
ξ2
+
cos ξ
ξ3
)
− (11− rˆrˆ)cos ξ
ξ
]
,(3)
where 11 is the unit tensor, rˆ = r/|r| and ξ = kL|r|.
The two-body ground-state collisions and magnetic
dipole-dipole interaction are described by the potentials
V collmm′n′n(r− r′) = [λsδm′n′δmn + λaFmn · Fm′n′ ] δ(r− r′),
V ddmm′n′n(r− r′) =
µ0µ
2
Bg
2
F
4pi|r− r′|3 [Fmn ·Fm′n′
−3Fmn · (r− r
′)Fm′n′ · (r− r′)
|r− r′|2 ],
respectively, where λs and λa are related to the s-wave
scattering lengths of the spinor condensate[10].
The optical potential associated with a sufficiently
deep optical lattice is equivalent to a periodic array of in-
dependent “microtraps”[2]. If the depth of each of those
is large enough, an array of independent Bose conden-
sates can be formed in the lattice, and it is convenient to
expand the spinor atomic field operator as
ψˆm(r) =
∑
i
φi(r)aˆm(i) , (4)
where φi is the condensate wave function for the ith
microtrap and the operators aˆm(i) satisfy the bosonic
commutation relations [aˆm(i), aˆ
†
n(j)] = δmnδij . For deep
enough microtraps the spatial overlap between the indi-
vidual condensate wave functions is negligible, and they
can be considered as independent. Under this tight-
binding condition, the spatial wave function of the ith
condensate is then determined by the Gross-Pitaevskii
equation
[
− h¯2∇22m + Vi(r) + λs(Ni − 1)|φi(r)|2
]
φi(r) =
µiφi(r), with Vi(r) being the potential near the i-th mi-
crotrap and Ni =
∑
m〈aˆ†m(i)aˆm(i)〉 the number of con-
densed atoms at the site, and µi the chemical potential.
For F = 1, the individual condensates consist of atoms
with three Zeeman sublevels, hence they behave as col-
lective spin magnets in the presence of external magnetic
fields or spin-dependent interactions. Such spin magnets,
localized along the lattice axis, form a 1D coherent Bose
atomic spin chain. Using Eq. (1) and Eq. (4), and ignor-
ing both the non-resonant and spin-independent constant
terms, we can construct the Hamiltonian describing this
spin chain,
H =
∑
i
[λ′aSˆ
2
i − γBSˆi ·B−
∑
j 6=i
Jzij Sˆ
z
i Sˆ
z
j
−
∑
j 6=i
Jij(Sˆ
(−)
i Sˆ
(+)
j + Sˆ
(+)
i Sˆ
(−)
j )], (5)
where we have defined the collective spin operators Sˆi =∑
mn aˆ
†
m(i)Fmnaˆn(i), with components Sˆ
{±,z}
i . We have
also introduced an external magnetic field B = B0e0
whose strength is strong enough to polarize the ground
state spin orientations of the atomic chain along the
quantization axis z[4]. The parameter γB = −µBgF is
the gyromagnetic ratio, µB being the Bohr magneton and
gF the Lande´ g-factor.
The first term in Hamiltonian (5) results from the spin-
dependent interatomic collisions at a given site, with
λ′a = (1/2)λa
∫
d3r|φi(r)|4. The last two terms de-
scribe the site-to-site spin coupling induced by both the
static magnetic field and light-induced dipolar interac-
tions. The coupling coefficients have the explicit forms
Jzij =
µ0γ
2
B
16pih¯2
∫
dr
∫
dr′
|r′|2 − 3y′2
|r′|5 |φi(r)|
2|φj(r− r′)|2,
Jij =
γU0
24∆h¯2k3L
∫
dr
∫
dr′fc(r
′) exp
(
−r
2
⊥ + |r⊥ − r′⊥|2
W 2L
)
cos(kLy) cos[kL(y − y′)]e+1 ·W(r′) · e−1
|φi(r)|2|φj(r− r′)|2 + 1
2
Jzij , (6)
where we have introduced a cut-off function fc(r) =
exp(−r2/L2c) to describe the effective interaction range
of the light-induced dipole-dipole interaction, Lc = Nγ/c
being the coherence length associated with the collective
spontaneous emission of N atoms[11].
The physics implicit in Hamiltonian (5) is quite clear.
Consider first the situation without site-to-site coupling,
3Jij = 0. In the presence of a sufficiently strong exter-
nal magnetic field, the spins align themselves along the
quantization axis z. For ferromagnetic condensates as in
the case of 87Rb (λ′a < 0)[12, 13], — or in the presence
of a strong external magnetic field for anti-ferromagnetic
condensates — the ground state of the Hamiltonian is
|GS〉 = |N,−N〉, where N = ∑iNi is the total atomic
number in the lattice. The total spin at site i has the
expectation value 〈Sˆzi 〉 = −Nih¯, where the factor Ni is
due to Bose enhancement.
For Jij 6= 0, the situation changes drastically: the
transfer of transverse spin excitation from site to site is
allowed, resulting in the distortion of the ground state
spin structure. This distortion can propagate from site
to site and hence generate spin waves along the Bose con-
densed atomic spin chain. From Hamiltonian (5), we can
derive the Heisenberg equations of motion for the spin
excitations as
ih¯
∂Sˆ
(−)
q
∂t
= (ω0 +∆ωq)Sˆ
(−)
q −
∑
j 6=q
χqjSˆ
(−)
j , (7)
where we have replaced the spin operator Sˆzq by its
ground state expectation value in the mean-field ap-
proximation. The frequencies ω0 = −γBB and ∆ωq =
2
∑
j 6=q J
z
qjNj h¯ describe the precessing of the qth spin
caused by the external magnetic field and the static mag-
netic dipolar interaction. The site-to-site spin coupling
coefficients χqj = 2JqjNqh¯ determine the propagation
of the spin waves. From Eq. (6), we observe that the
light-induced dipolar interaction only contributes to spin
coupling in the x-y plane. This is because the pi-polarized
lattice beams only induce an effective dipole moment in
that plane.
To further understand how Eq. (7) determines the exis-
tence and propagation of spin waves, it is helpful to con-
sider the special case where the lattice is infinitely long
and the spin excitations are in the long-wavelength limit.
We can then reexpress Eq. (7) in its continuous limit by
the replacements Sˆ
(−)
q → S(y, t), χqj → χ(y − y′), and
(ω0 +∆ωq)→ ω(y),
i
∂S(y, t)
∂t
= ω(y)S(y, t)− 2
λL
∫
dy′χ(y − y′)S(y′, t). (8)
In the long-wavelength limit, the last integral term in
Eq. (8) can be evaluated up to the second-order expan-
sion of S(y′, t). This leads to an effective Schro¨dinger
equation
i
∂S(y, t)
∂t
=
[
−β1
2
∂2
∂y2
− β0 + ω(y)
]
S(y, t) (9)
where we have defined βn = (2/λL)
∫
dηχ(η)η2n for
n = 0, 1. Evidently, from Eq. (9), S(y, t) describes the
“waves” caused by spin excitations in the x-y plane.
These waves can be associated with the center-of-mass
k/kL
ω
k 
(kH
z)
w=2λL
w=6λL
w=8λL
FIG. 2: Magnon dispersion spectrum. In the calculation, we
have assumed that the spatial dimension along y-axis of the
condensate in each lattice site is much less than λL, while
in the transverse (x-z) plane, the condensate has a Gaus-
sian shape with a width w. We have taken λL = 1µm and
γ|Ω|2/∆2 = 103. We have used a total number of 100 lattice
sites with 2000 atoms in each site.
motion of a quantum-mechanical particle of effective
mass m = h¯/β1. Being similar to the phonon associ-
ated with sound waves, the excitations associated with
the spin waves are usually referred to as “magnons”[5].
We can evaluate the magnon dispersion rela-
tion by solving the discrete wave equation (7) for
waves of the form Sˆ
(−)
q = αˆk exp[−i(ω0 + ∆ω0 −
2
∑
j>0 χ0j)t] exp[i(kqλL/2 − ωkt)]. For simplicity, we
assume a lattice with each site having the same number
of atoms, Ni = N0. This yields the magnon dispersion
relation
ωk = 2
∑
j>0
χ0j [1 − cos(jkλL/2)], (10)
where we have taken q = 0 in the coefficients of Eq.(7)
since their values are independent of q in the case at hand
as long as we have a sufficient number of lattice sites.
Figure 2 shows the magnon dispersion spectrum and
its dependence on the transverse width w of the Bose
condensates. As w increases the dipolar interactions
among atoms tend to cancel each other, thereby reduc-
ing the excitation frequency of the spin waves. As a re-
sult, it becomes difficult to excite the spin waves in the
coherent atomic chain through the dipole-dipole interac-
tion for condensate widths much larger than one optical
wavelength. In addition, our numerical calculations show
that for typical experimental parameters the strength of
the light-induced dipolar interaction dominates over the
magnetic dipolar interaction in the determination of the
coupling coefficients χ0j .
Having established the existence of spin waves in con-
densate lattices, the question remains to determine how
to detect them. Any optical or magnetic method which
can excite the internal transitions between the atomic
Zeeman sublevels can be used for this purpose. On the
4m=-1
0
1
σ+
pi
piσ+
FIG. 3: Magnon detection schemes.
other hand, the detection scheme should be able to distin-
guish different spin wave modes (see discussion below). A
natural choice consists in employing Raman transitions,
as shown in Fig. 3. In this case the combination of a
circularly-polarized and a pi-polarized Raman beam will
couple all three Zeeman sublevels. This exactly creates
the spin transition associated with the operators Sˆ(±).
The existence of spin waves can then be detected by mea-
suring the absorption of one of the Raman beams. The
absorption spectrum is proportional to the sum of the
transition probabilities among the Zeeman sublevels,
P ∝
∑
k
|〈Φk|S+q |GS〉|2
2
sin2[(ν − ωp − ωk)τ/2]
[(ν − ωp − ωk)τ/2]2 ,
where the kets |Φk〉 denote excited states with spin waves
of frequency ωk, ν is the frequency difference between
the two Raman beams, τ is the measurement time and
ωp = ω0+∆ω0−2
∑
j>0 χ0j defines the total spin precess-
ing frequency. Absorption resonances occur whenever the
frequency ν is tuned to match a spin-wave frequency ωk.
For an infinitely long lattice, this will produce a broad-
ened absorption spectrum whose width characterizes the
existence of spin waves. In practice, though, the optical
lattice is finite with length L. Such lattices only allow the
excitation of spin waves with discrete wave numbers re-
sulting from the resonance excitation condition kL = npi,
k being the wave number of the spin waves in Eq. (10).
As a result, the absorption spectrum will exhibit a multi-
peak structure. In the long-wavelength limit, the interval
between peaks is proportional to
∆ωk ≈ (2n− 1) pi
2
N2L
∑
j>0
χ0jj
2 ,
with NL = L/(λL/2) being the total number of lattice
sites.
In current experiments in optical lattices, NL is in the
range of 10 ∼ 100, and each lattice site can accommo-
date a few thousand atoms, in which case
∑
j>0 χ0jj
2
can reach values of about a few MHz. This leads to a
requirement for the frequency measurement precision of
about 10 ∼ 100KHz. This is achievable with current
techniques.
Alternatively, one can also carry out measurement in
momentum space. The magnons associated with spin
waves of wave number k have momenta p = h¯key. If
one observes the Raman scattering using two Raman
beams through the Bose gas, the momentum conserva-
tion between the magnons and Raman photons requires
∆k = key with ∆k being the difference of wave vectors
between two Raman beams. Hence the momentum dis-
tribution of the scattered Raman photons can identify
the existence of the spin waves.
In conclusion, Bose condensates in an optical lattice
offer a new tool and test ground to study the quantum
spin phenomena. The Bose statistics in each lattice site
makes the atoms coherently behave as a spin magnet.
Such an array of spin magnets not only exhibit fascinat-
ing spin dynamics as shown in this letter, but also may
find potential applications in quantum information and
computation. This opens new opportunities for future
research.
We would like to thank Dr. B. P. Anderson for sev-
eral enlightening discussions concerning the detection of
magnons. This work is supported in part by the US
Office of Naval Research under Contract No. 14-91-
J1205, by the National Science Foundation under Grant
No. PHY98-01099, by the US Army Research Office, by
NASA, and by the Joint Services Optics Program.
[1] B. P. Anderson and M. A. Kasevich, Science 282, 1686
(1998); C. Orzel et al., Science 291, 2386 (2001).
[2] M. Greiner et al., e-preprint cond-mat/0105105.
[3] M. D. Barrett, J. A. Sauer, and M. S. Chapman, Phys.
Rev. Lett. 87, 010404-1 (2001).
[4] H. Pu, Weiping Zhang, and P. Meystre, Phys. Rev. Lett.
87, 140405 (2001).
[5] See, for example, C. Kittel, Quantum Theory of Solids
(John Wiley & Sons, NY, 1987).
[6] Weiping Zhang, and D. F. Walls, Phys. Rev. A 49, 3799
(1994).
[7] Weiping Zhang, and D. F. Walls, Phys. Rev. A 57, 1248
(1998).
[8] T. -L. Ho, Phys. Rev. Lett. 81, 742 (1998).
[9] T. Ohmi and K. Machida, J. Phys. Soc. Jpn. 67, 1882
(1998).
[10] C. K. Law, H. Pu and N. P. Bigelow, Phys. Rev. Lett.
81, 5257 (1998).
[11] J. Javanainen, Phys. Rev. Lett. 72, 2375 (1994).
[12] D. Heinzen (private communication).
[13] J. P. Burke, Jr. and J. L. Bohn, Phys. Rev. A 59, 1303
(1999); N. N. Klausen, J. L. Bohn, and C. H. Greene,
e-print, physics/0104013.
